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We propose a twisted parafermion current algebra and its corresponding twisted Z-algebra. We
derive the Jacobi-type identities for the twisted parafermion currents and obtain the parafermionic
representation of the twisted energy-momentum tensor. As an application, we give a representation
of the twisted affine current algebra A
(2)
2 in terms of the twisted parafermionic currents and a U(1)
current.
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The Zk parafermion algebra was proposed by Zamolodchikov and Fateev [1] in describing a two-dimensional sta-
tistical system with Zk symmetry. The "spin" variables σr to each node r 2 L on a (square) lattice L take k values
ωq (q = 0, 1 , . . . , k − 1), where ω = exp(2ipi/k). So it generalizes fermion of the Ising model, which corresponds to
the code of Z2. It is known that there exist various of statistical models, which can be described by the parafermion
theory. Examples are the 3-state Potts model (k = 3) [1{3] and the Ashkin-Teller model (k = 4) [4]. The Zk
parafermion theory contains k− 1 parafermion currents ψl, l = 1, 2, . . . , k− 1 and the identity operator I  ψ0. We
will write ψyl = ψk−l  ψ−l. Then ψl, ψyl obey the following OPEs [1,5{7]:




′)/2k = cl,k−l′ψl−l′(w) + . . . , l0 < l,
ψl(z)ψ−l(w)(z − w)2l(k−l)/2k = 1 + 2dl
cψ
(z − w)2Tψ(w) + . . . , (1)
Tψ(z)ψl(w) =
dl
(z − w)2ψl(w) +
1
z − w∂wψl(w) + . . . ,
where dl = l(k − l)/2k is the conformal dimension of ψl, Tψ(w) is the parafermionic energy-momentum tensor and
cψ = 2(k − 1)/(k + 2) is the central charge; cll′ are structure constants given in [1,8]
The category for nonlocal operators (parafermions) is the generalized vertex operator algebra [9{11]. The Zk
parafermion algebra was referred to as Z-algebra in [10,11], and the Zk parafermions are canonically modied Z-
algebras acting on certain quotient spaces A(1)1 -modules dened by the action of an innite cyclic group [9{11]. It was
proved that the Z-algebra is identical with the A(1)1 parafermion.
Gepner proposed a parafermion algebra associated with any given untwisted ane Lie algebra G(1) [12]. In this
case the central charge of the corresponding Virasoro algebra is c = kDk+g − r, where D = dimG and r = rankG
are dimension and rank of G, respectively, and g is the dual Coxeter number of G(1). The OPEs of the untwisted
parafermion elds were dened in [12{14]
Parafermion is very useful in string theory [15,16] and 1 + 1 dimensional statistical physics [1]. Using the Zk
parafermions and a proper chosen U(1) current, one can represent the A(1)1 ane current algebra [1] and the N = 2
superconformal algebra [15,16], which is important in the study of the mirror symmetry [17]. The Zk parafermion
characters and their singular vectors were studied in [18]. In a very recent work by Maldacena, Moore and Seiberg,
the D-branes were constructed with the help of the Zk parafermions [19].
In this paper, we will propose a twisted parafermion algebra. We derive the corresponding twisted Z-algebra and the
Jacobi-type identities for the twisted parafermion currents. Moreover, we obtain the parafermionic energy-momentum
tensor and a parafermionic representation of the twisted ane current algebra A(2)2 .
It is well-known that Euclidian correlation functions are dened only if operators in the correlators are time-




denition of correlation functions, the time ordering is automatic. So, in Euclidian eld theory the operator products
A(z)B(w) are only dened for jzj > jwj. Therefore the radial ordering is implied throughout this paper.
Now we propose the twisted parafermion current algebra:
ψl(z)ψl′(w)(z − w)ll′/2k= δl+l′,0(z − w)2 +
εl,l′




(z − w)2 +
εl˜,l˜′




z − wψl˜+l˜′(w) +    ,
where l, l0 = 1 and ~l, ~l0 = ~0,~1,~2; εl,l′ , εl˜,l˜′ and εl,l˜′ are structure constants. If we denote ψl or ψl˜ by Ψa, then
we can rewrite the above relations as:
Ψa(z)Ψb(w)(z − w)ab/2k = δa+b,0(z − w)2 +
εa,b






(z − w)n[ΨaΨb]−n, (3)
where a, b = ~0,1,~1,~2. So we have [ΨaΨb]l = 0 (l  3), [ΨaΨb]2 = δa+b,0 and [ΨaΨb]1 = εa,bΨa+b. For
consistency, εa,b must have the properties: εa,b = −εb,a = −ε−a,−b = ε−a,a+b and εa,−a = 0. Due to the mutually
semilocal property between two parafermions, the radial ordering products are multivalued functions. So we dene
the radial ordering product of (generating) twisted parafermions(TPFs) as
Ψa(z)Ψb(w)(z − w)ab/2k = Ψb(w)Ψa(z)(w − z)ab/2k, (4)
which, like the untwisted case, is an extension of the fermion (i.e. ab = 1, k = 1) and boson (i.e. k !1).
For every eld in the parafermion theory there are a pair of charges (λ, λ), which take values in the weight lattice.




(z − w)−m−1−aλ/2kAa,λm φλ,λ¯(w, w), (5)
where m 2 Z (Ramond sector) for a = l and m 2 Z + 12 (Neveu-Schwarzsector) for a = ~l. The action of Aa,λm on
φλ,λ¯(z) is dened by the integration
Aa,λm φλ,λ¯(w, w) =
∮
cw
dz (z − w)m+aλ/2kψa(z)φλ,λ¯(w, w), (6)
where cw is a contour around w. Consider the dierence of integrals∮ ∮
du dzΨa(u)Ψb(z)φλ,λ¯(w, w)(u − z)−p−1+ab/2k  (u− w)m+q+1+aλ/2k(z − w)n+p−q+bλ/2k , (7)
along two contours satisfying ju − wj > jz − wj and ju − wj < jz − wj, respectively. The dierence of the two
contour integrals can be expressed as a two-fold integration of an u-contour enclosing z once followed by an z-contour





























Let Aa and Bb be two arbitrary functions of the twisted parafermions with charges a and b, respectively. These
elds are local (a or b = 0) or semilocal (a and b 6= 0). The OPEs can be written as
2
Aa(z)Bb(w)(z − w)ab/2k =
1∑
n=−[hA+hB ]
[AaBb]−n(w)(z − w)n, (9)

























(z − w)p−1+bc/2k(u− w)q−1+ac/2k(u− z)r−1+ab/2k = 0, (10)
where integers p, q, r are in the regions: −1 < p  [hB + hC ], −1 < q  [hC + hA], −1 < r  [hA + hB];
and a, b, c are parafermionic charges of the elds A, B and C, respectively. The above equation is an extension
























−1 = 1, C
(l)
p = 0, for l > p > 0. This identity







We remark that A, B, C can be any composite operators and we can calculate any coecient in the OPEs from
the fundamental equation (3).
For the twisted parafermion theory to be a conformal eld theory, we require that the spin-2 terms in the
OPEs contain a energy-momentum tensor. It is obvious that the spin-2 terms in the OPE are [ΨaΨb]0. Since the
parafermionic charge for the energy-momentum tensor should be zero, so the relevant terms are [ΨaΨ−a]0. Note that
[ΨaΨ−a]0 (z) = [Ψ−aΨa]0 (z), we calculate the OPE of [ΨaΨ−a]0 with Ψa and [ΨbΨ−b]0. Setting Q = p = 2, q = 1
and r = 0 in (11), we have




















(ab)2 = 12b2. (14)
One solution to these constraints is given by ε1˜,−2˜ = ε1,1˜ = ε−1,2˜ =
1p
k
and ε1,−1˜ = ε0˜,1˜ =
√
3





















εa,bε−a,a+b∂Ψb + (1 + a2/2k)δa,b∂Ψa + (1 + a2/2k)δ−a,b∂Ψ−a (15)
or equivalently [TψΨb]1 = ∂Ψb. These the above results can be written in the form of OPEs
Tψ(z)Ψb(w) =
1− b2/4k
(z − w)2 Ψb(w) +
1
z − w∂Ψb(w) + . . . . (16)
3
It follows that the conformal dimension of the twisted parafermion is 1, 1− 14k or 1− 1k , for a given level k. Carrying
out a similar program for T , we obtain the OPE:
Tψ(z)Tψ(w) =
ctpf/2
(z − w)4 +
2Tψ(w)
(z − w)2 +
∂Tψ(w)
z − w + . . . , (17)
where ctpf = 7− 24k+3 = 8kk+3 − 1 is the central charge of the twisted parafermion theory.
One of the applications of the twisted parafermionic currents is that they give a representation of the twisted ane






































kφ0(z), J0(z) = 2
p
6kψ0˜(z).
where φ0 is an U(1) current obeying φ0(z)φ0(w) = −ln(z−w). Then it can be checked that the above currents satisfy
the OPEs of the twisted ane currents algebra A(2)2 [22].
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